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Abstract 
)ROORZLQJ)XMLVDND
VEDVLFLGHDODUJHGHYLDWLRQVWDWLVWLFVFKDUDFWHUL]LQJWHPSRUDOIOXFWXDWLRQVDUHFDOFXODWHGEDVHG
RQ0RUL
VSURMHFWLRQRSHUDWRUPHWKRG,WLVVKRZQWKDWWKLVFDOFXODWLRQZLOORYHUFRPHWKHILQLWHVDPSOHHIIHFWVWXGLHG
E\1DNDR HW DO GXH WR WKH ILQLWHQHVV RI WKH OHQJWK RI WLPH VHULHV RI WKH WLPH VSDQ RI WKH ORFDO DYHUDJH RU RI WKH
HQVHPEOHRIQXPHULFDOGDWD7KHSURSRVHGPHWKRGDUHFRPSDUHGZLWKGLUHFWQXPHULFDOVLPXODWLRQVXVLQJDQDO\WLFDOO\
VROYDEOH FKDRWLFPDSV DQG DPXFKZLGHU UDQJH RI ODUJH GHYLDWLRQ LV REVHUYHG IDU EH\RQG WKH ILQLWHVDPSOH GLUHFW
QXPHULFDOVLPXODWLRQV

3XEOLVKHGE\(OVHYLHU/WG3HHUUHYLHZXQGHUUHVSRQVLELOLW\RI7DNDVKL+LNLKDUDDQG7VXWRPX.DPEH

Keywords:ODUJHGHYLDWLRQVWDWLVWLFVSURMHFWLRQRSHUDWRUPHWKRGIOXFWXDWLRQVSHFWUDUDWHIXQFWLRQORFDOH[SDQVLRQUDWHV
1. Introduction 
,W LV FUXFLDO WR H[WUDFW PHDQLQJIXO LQIRUPDWLRQ IURP WHPSRUDO IOXFWXDWLRQV FDXVHG E\ D FKDRWLF
G\QDPLFDOV\VWHP&HQWUDOOLPLWWKHRUHP\LHOGVD*DXVVLDQSUREDELOLW\GHQVLW\IXQFWLRQRIWKHILQLWHWLPH
DYHUDJHRIDVWRFKDVWLFRUDFKDRWLFYDULDEOHDURXQGWKHORQJWLPHDYHUDJH&KDUDFWHULVWLFORFDOVWUXFWXUHV

&RUUHVSRQGLQJDXWKRU7HO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
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RILQYDULDQWVHWVRIDFKDRWLFG\QDPLFDOV\VWHPVXFKDVQRQK\SHUEROLFLW\DQGELIXUFDWLRQVVXFKDVWDQJHQW
ELIXUFDWLRQ RU FULVLV PD\ FDXVH ODUJH GHYLDWLRQV IURP WKH ORQJWLPH DYHUDJH ZKLFK FDQQRW EH
FKDUDFWHUL]HGE\WKHFHQWUDOOLPLWWKHRUHP
7KHODUJHGHYLDWLRQSULQFLSOH>@LVQRZDGD\VDSSOLHGWRWHPSRUDOIOXFWXDWLRQVDQG\LHOGVDVWDWLVWLFDO
WKHUPRG\QDPLFDO IRUPDOLVP RULJLQDWLQJ IURP D KLJKHURUGHUPRPHQW DQDO\VLV LQ WKH UHVHDUFK ILHOG RI
WXUEXOHQFH >@ (VSHFLDOO\ ODUJH GHYLDWLRQV RI WKH ORFDO H[SDQVLRQ UDWH RU WKH ILQLWHWLPH /\DSXQRY
H[SRQHQWKDYHEHHQLQWHQVLYHO\VWXGLHG>@
$V D SUDFWLFDO SUREOHP D QXPHULFDO FDOFXODWLRQ FDQQRW GHWHFW UDUHU HYHQWV WKDQ WKH QXPHULFDO UDUHVW
HYHQWZLWKDSUREDELOLW\ WKDWDVLQJOHHYHQWLQD ORQJEXW WLPHVHULHV1DNDRHWDOGLVFXVVHGIXUWKHU WKLV
SUREOHPFDOOHGILQLWHVDPSOHHIIHFW >@ ,Q WKHSUHFHGLQJVWXGLHV>@ WKHQXPHULFDO UHVXOWVDUHDOVR
REWDLQHGZLWKLQWKLVOLPLWDWLRQ
)XMLVDND SURSRVHG D QRYHO FDOFXODWLRQ PHWKRG RI WKH WZRWLPH FRUUHODWLRQ IXQFWLRQ DQG WKH ODUJH
GHYLDWLRQVWDWLVWLFVVXFKDVUDWH IXQFWLRQEDVHGRQ0RUL
VSURMHFWLRQRSHUDWRUPHWKRG WKRXJKKHGLGQRW
QRWLFHWKHLPSRUWDQFHRIWKHILQLWHVDPSOHHIIHFW>@0RUL
VPHWKRG\LHOGVDQH[DFWFORVHGIRUPRID
WZRWLPH FRUUHODWLRQ IXQFWLRQ RI D G\QDPLFDO YDULDEOH REH\LQJ LWV HTXDWLRQ RIPRWLRQ >@ 7KH FORVHG
IRUP LV FDOOHG D JHQHUDOL]HG /DQJHYLQ HTXDWLRQ FRQVLVWLQJ RI D V\VWHPDWLF WHUP DPHPRU\ WHUP DQG D
QRLVHWHUP)XMLVDND
VEDVLFLGHDH[WHQGVWKHSKDVHVSDFHIURPWKHRULJLQDOVSDFHVD\[W\W]WWRWKH
H[WHQGHG RQH VD\ [W[W7[W7\W\W7\W7]W]W7]W7 RU
[W[
W[

W\W\
W\

W]W]
W]

WDQGLJQRUHVWKHPHPRU\WHUP7KHQRLVHWHUPGLVDSSHDUV
LQ WKH FORVHG IRUP RI WKH WZRWLPH FRUUHODWLRQ IXQFWLRQ GXH WR WKH RUWKRJRQDOLW\ RULJLQDWLQJ IURP WKH
SURMHFWLRQ
$FRPSOLFDWHGSDUDPHWHUGHSHQGHQFHRIGLIIXVLRQFRHIILFLHQWLQDFKDRWLFGLIIXVLRQLVNQRZQDVIUDFWDO
GLIIXVLRQ FRHIILFLHQW >@ ,WV QXPHULFDO HYDOXDWLRQ QHHGV D FXPEHUVRPH SURFHGXUH RI ILQGLQJPDQ\
VHULHVRI0DUNRYSDUWLWLRQV7KHDERYHPHWKRGSURSRVHGE\)XMLVDNDLVDSSOLHGWRQXPHULFDOHYDOXDWLRQV
RIIUDFWDOGLIIXVLRQFRHIILFLHQWZLWKRXWILQGLQJDQ\0DUNRYSDUWLWLRQZKLFKLPSOLHVWKDWRQHQHHGVPXFK
OHVVQXPHULFDOHIIRUW>@
,Q WKLV VWXG\ ZH ZLOO VKRZ WKDW WKH DERYH PHWKRG DSSOLHG WR ODUJH GHYLDWLRQ FDOFXODWLRQV UHGXFHV
QXPHULFDOHIIRUWVDQGRYHUFRPHVWKHILQLWHVDPSOHHIIHFW
2. Large deviation statistics for local expansion rates 
/RFDOH[SDQVLRQ UDWHV DQG WKH ODUJHVW/\DSXQRYH[SRQHQW LQ WKHFDVHRIRQHGLPHQVLRQDOPDS
DUHUHVSHFWLYHO\JLYHQE\




7KH SRVLWLYH VLJQ RI WKH ODUJHVW /\DSXQRY H[SRQHQW LV RIWHQ XVHG DV D SUDFWLFDO H[LVWHQFH SURRI RI
FKDRV7KHH[SDQVLRQUDWHWKHILQLWHWLPHDYHUDJHPD\IOXFWXDWHODUJHO\LQWLPH/HWXVDVVXPH 
FRQVWUXFWDVWDWLRQDU\WLPHVHULHVLQGXFHGE\DFKDRWLFPDSZKRVHILQLWHWLPHDYHUDJH LVJLYHQE\




3UREDELOLW\GHQVLW\IXQFWLRQ RI LVGHILQHGDV


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
+HUHDQGKHUHDIWHU GHQRWHVWKHORQJWLPHDYHUDJHZLWKUHVSHFWWRWLPHt2ZLQJWRVWDWLRQDULW\RI 
WKHODZRIODUJHQXPEHULVUHDOL]HGDV



7KHODUJHGHYLDWLRQSULQFLSOH\LHOGVDQDV\PSWRWLFIRUPRI IRUVXIILFLHQWO\ODUJHWLPHLQWHUYDOTDV



ZKHUH LVFDOOHGIOXFWXDWLRQVSHFWUDRUUDWHIXQFWLRQDQGGHSHQGVRQO\RQuZKLFKFDQEHUHJDUGHGDVD
FRQYHUJHQFHUDWHRI WRWKHDERYHPHQWLRQHGGHOWDIXQFWLRQLPSO\LQJWKHODZRIODUJHQXPEHU7KHQ
JHQHUDWLQJIXQFWLRQLVGHILQHGDV



6XEVWLWXWLQJ(TLQWR(TZHKDYH



ZKLFKOHDGVWRWKHIROORZLQJH[SUHVVLRQE\XVHRIDVDGGOHSRLQWFDOFXODWLRQ



+HUH GHQRWHVuPD[LPL]LQJ 6LQFH LVSURSRUWLRQDWHWRTRQDYHUDJHIRUVXIILFLHQWO\ODUJH
TWKHUHH[LVW WRVDWLVI\


7KHUHIRUHWKHUHODWLRQ



LVREWDLQHGDQGFRQVLGHUHGDVD/HJHQGUHWUDQVIRUPEHWZHHQ DQG 7KXVIOXFWXDWLRQVSHFWUD LV
REWDLQDV



3. Calculation method of fluctuation spectra based on Mori's projection-operator formalism 
([FHSWIRUDIHZH[DFWO\VROYDEOHPRGHOVWKHDYHUDJLQJSURFHGXUHGHVFULEHGLQWKHSUHFHGLQJVHFWLRQ
FDXVHV WKHILQLWHVDPSOHHIIHFW LQQXPHULFDOFDOFXODWLRQV,Q WKLVVHFWLRQZHH[SODLQDQRYHOFDOFXODWLRQ
PHWKRGEDVHGRQ0RUL
VSURMHFWLRQRSHUDWRUIRUPDOLVPIROORZLQJ)XMLVDND
VEDVLFLGHD
,QWURGXFLQJDQHZYDULDEOH VDWLVI\LQJ


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
ZHFDQUHZULWHWKHJHQHUDWLQJIXQFWLRQLQWKHIRUPRIDWZRWLPHFRUUHODWLRQIXQFWLRQDV



6WDUWLQJ IRUP WKH WLPHHYROXWLRQ RSHUDWRU RI  ZH REWDLQ LWV WZRWLPH FRUUHODWLRQ IXQFWLRQ LQ WKH
IROORZLQJFORVHGIRUPEDVHGRQ0RUL
VSURMHFWLRQRSHUDWRUPHWKRG




7KHQH[WHQGLQJIURPWKHRULJLQDORQHGLPHQVLRQDOWUDMHFWRU\ WRWKHGHOD\HGFRRUGLQDWH



DQGLJQRULQJWKHPHPRU\WHUPZHKDYHWKHIROORZLQJUHODWLRQIRUWKHH[WHQGHGYDULDEOH 



ZKLFKFDQEHVWUDLJKWIRUZDUGO\VROYHGDV



1RWHWKDWHOHPHQWRIWKHPDWUL[DSSHDULQJLQWKHOHIWKDQGVLGHLVHTXDOWRWKHRULJLQDOJHQHUDWLQJ
IXQFWLRQRIFRQFHUQ
4. Comparison between the proposed method and direct numerical simulation 
7KHUH H[LVW VRPH VROYDEOHPRGHOV\LHOGLQJDQDQDO\WLFDO H[SUHVVLRQRI WKH UDWH IXQFWLRQRI WKH ORFDO
H[SDQVLRQ UDWH RU WKH IOXFWXDWLRQ VSHFWUXP IRU VKRUW ,Q WKLV VHFWLRQZH FRPSDUH EHWZHHQ WKH UHVXOWV
REWDLQHGIURPWKHDQDO\WLFDOWUHDWPHQWIURPWKHSURSRVHGPHWKRGDQGIURPGLUHFWQXPHULFDOVLPXODWLRQV
RUWZRVROYDEOHFKDRWLFPDSV
4.1. Fully-developed asymmetric tent map 
$IXOO\GHYHORSHGDV\PPHWULFWHQWPDSLVJLYHQE\




ZKRVHIOXFWXDWLRQVSHFWUXPLVJLYHQE\





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
)LJ  )XOO\GHYHORSHG DV\PPHWULF WHQW PDS D )OXFWXDWLRQ VSHFWUD E 7ZRWLPH FRUUHODWLRQ IXQFWLRQ RI ORFDO
H[SDQVLRQUDWH

)LJXUH D GHSLFWV IOXFWXDWLRQ VSHFWUD LQ ZKLFK PDJHQWD UHG JUHHQ EOXH V\PEROV FRUUHVSRQG
UHVSHFWLYHO\ WR WKHDQDO\WLFDOH[SUHVVLRQRXUPHWKRGRQO\ LJQRULQJ WKHPHPRU\ WHUPRXUPHWKRGZLWK
WZRGLPHQVLRQDO H[WHQGHG SKDVH VSDFH DQG QXPHULFDO HYDOXDWLRQV DFFRUGLQJ WKH GHILQLWLRQ RI WKH
IOXFWXDWLRQVSHFWUXP7KHILQLWHVDPSOHHIIHFWDSSHDUVVRFOHDUO\WKDWEOXHV\PEROVWUDFHRQO\WKHSDUWRI
WKHH[DFWIOXFWXDWLRQVSHFWUXP$VVKRZQLQ)LJEWKHWZRWLPHFRUUHODWLRQIXQFWLRQLVQRWKLQJEXWWKH
.URQHFNHUGHOWDVRWKDWRQO\WKHILUVWRUWKHVHFRQGVWHSRIRXUDSSUR[LPDWLRQLVHQRXJKWRDSSURDFKWKH
H[DFWUHVXOWZKLFKLVDSHFXOLDULW\RIWKLVPRGHO
4.2. Fully-developed logistic map 
)RU WKH IXOO\GHYHORSHG ORJLVWLFPDS   WKH IOXFWXDWLRQ VSHFWUXP LV REWDLQHG DV WKH
IROORZLQJSLHFHZLVHOLQHDUIRUP





ZKHUHWKHODUJHVW/\DSXQRYH[SRQHQWLVJLYHQE\
)LJXUHDGHSLFWV IOXFWXDWLRQVSHFWUD LQZKLFK WKHDQDO\WLFDOH[SUHVVLRQDQGQXPHULFDOHYDOXDWLRQV
DFFRUGLQJ WKH GHILQLWLRQ RI WKH IOXFWXDWLRQ VSHFWUXP DUH GUDZQ UHVSHFWLYHO\ ZLWK D UHG OLQH DQG JUHHQ
V\PEROV,WLVHDV\WRREVHUYHWKDWWKHODWWHUWUDFHVRQO\DYHU\QDUURZUDQJHDURXQGWKHODUJHVW/\DSXQRY
H[SRQHQW 2XU PHWKRG RQO\ LJQRULQJ WKH PHPRU\ WHUP LV VKRZQ DV EOXH V\PEROV 2WKHU V\PEROV
FRUUHVSRQG WRRXUPHWKRGZLWK WZRGLPHQVLRQDO WR VL[GLPHQVLRQDOH[WHQGHGSKDVH VSDFH$QHQODUJHG
ILJXUHDURXQGWKHODUJHVW/\DSXQRYH[SRQHQWLVVKRZQLQ)LJE8QOLNHWKHSUHFHGLQJVXEVHFWLRQWKH
ZD\RIFRQYHUJHQFH WR WKHDQDO\WLFDO UHVXOW LVQRWVLPSOH VLQFH WKH WZRWLPHFRUUHODWLRQIXQFWLRQKDVD
FKDUDFWHULVWLF VWUXFWXUH DQG \LHOGV D ILQLWH FRUUHODWLRQ WLPH DV VKRZQ)LJ2XUPHWKRG DOVR QHHGV DQ
HQVHPEOH RI QXPHULFDO GDWD ZKLFK FDXVHV DQRWKHU NLQG RI ILQLWHVDPSOH HIIHFW 7KH IXUWKHU WKH
DSSUR[LPDWLRQ VWHS SURFHHGV WKH QDUURZHU WKH ODUJH GHYLDWLRQ LV REVHUYHG +RZHYHU WKH FXUYDWXUH
DSSURDFKHV WR D VWUDLJKW OLQH DV WKH VWHS SURFHHGV IXUWKHU &RPSDULVRQ RI JUHHQ V\PEROV ZLWK RWKHU
V\PEROVLPSOLHVWKDWRXUPHWKRGLVDYHU\HIIHFWLYHFDOFXODWLRQPHWKRGRIODUJHGHYLDWLRQV

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
)LJ  )XOO\GHYHORSHG ORJLVWLF PDS D )OXFWXDWLRQ VSHFWUD E (QODUJHG ILJXUH DURXQG WKH ODUJHVW /\DSXQRY
H[SRQHQW



)LJ7ZRWLPHFRUUHODWLRQIXQFWLRQRIWKHORFDOH[SDQVLRQUDWHRIWKHIXOO\GHYHORSHGORJLVWLFPDS

5. Concluding remarks 
8VLQJ WZR VROYDEOH FKDRWLF PDSV ZH VKRZ WKDW GLUHFW QXPHULFDO VLPXODWLRQV DFFRUGLQJ WR WKH
GHILQLWLRQ RI WKH IOXFWXDWLRQ VSHFWUXP WUDFH RQO\ QDUURZ SDUW RI WKH H[DFW VSHFWUXP GXH WR WKH ILQLWH
VDPSOHHIIHFWDQGWKDWRXUPHWKRG\LHOGVDPXFKZLGHUUDQJHRIWKHVSHFWUXP,WLVDIXWXUHSUREOHPWKDW
RXUPHWKRGLVYHULILHGIRUJHQHUDOFKDRWLFG\QDPLFDOV\VWHPV
7KRXJKIOXFWXDWLRQVSHFWUDIRUODUJHGHJUHHRIIUHHGRPFKDRWLFV\VWHPVKDYHPDQ\LQWHUHVWLQJDVSHFWV
ZHRPLWWKLVWRSLFLQWKLVPDQXVFULSWGXHWRWKHOLPLWHGVSDFH
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